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Abstract

We prove two embedding and extension theorems in the context of the constructive theory
of metric spaces. The first states that Cantor space embeds in any inhabited complete sepa-
rable metric space (CSM) without isolated points, X, in such a way that every sequentially
continuous function from Cantor space to Z extends to a sequentially continuous function
from X to R. The second asserts an analogous property for Baire space relative to any inhab-
ited locally non-compact CSM. Both results rely on having careful constructive formulations
of the concepts involved.

As a first application, we derive new relationships between “continuity principles” asserting
that all functions between specified metric spaces are pointwise continuous. In particular, we
give conditions that imply the failure of the continuity principle “all functions from X to
R are continuous”, when X is an inhabited CSM without isolated points, and when X is
an inhabited locally non-compact CSM. One situation in which the latter case applies is in
models based on “domain realizability”, in which the failure of the continuity principle for any
inhabited locally non-compact CSM, X, generalizes a result previously obtained by Escardé
and Streicher in the special case X = C[0, 1].

As a second application, we show that, when the notion of inhabited complete separable
metric space without isolated points is interpreted in a recursion-theoretic setting, then, for
any such space X, there exists a Banach-Mazur computable function from X to the com-
putable real numbers that is not Markov computable. This generalizes a result obtained by
Hertling in the special case that X is the space of computable real numbers.
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1 Introduction

In computable and constructive analysis, it sometimes happens that pathological properties of
Baire space are reflected by similar pathologies holding for “continuous” spaces of the sort that
arise in analysis. Two examples of such phenomena have appeared in the recent literature.

The first occurs in the context of so-called domain realizability, i.e. in realizability toposes
constructed over domain-theoretic models of the untyped A-calculus. In many such models, the
internal continuity principle “all functions from Baire space to N are continuous” is known to
be false, even though externally all morphisms from Baire space to N are continuous, because it
conflicts with choice principles valid in the models. Recently, Escardé and Streicher showed that
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similarly the internal statement “all functions from C[0,1] to R are continuous” is false [7]. Once
again, externally, all morphisms from C[0, 1] to R are continuous.

The second example arises in the context of differentiating between computability in the sense
of Markov and computability in the sense of Banach and Mazur. It is an old result of Friedberg [8]
that there exists a Banach-Mazur-computable function, mapping computable sequences of natural
numbers (the computable version of Baire space) to N, that is not Markov computable (whereas
every Markov computable function is trivially Banach-Mazur computable). Recently, Hertling
answered a longstanding open question by proving that, similarly, there exists a Banach-Mazur-
computable function on the computable real numbers that is not Markov computable [10].

In neither example above [7, 10] is the pathological behaviour in the analytic world derived
from the analogous result for Baire space. Instead, direct proofs are given, borrowing ideas from
the known proofs for Baire space, but adapting them, with added complexity, to apply to the
spaces under consideration. In this paper, we provide instead a method of deriving such results
directly as consequences of the corresponding results for Baire space, and we show that the results
of [7, 10] both follow from applications of our method.

Working within the context of Bishop’s Constructive Mathematics [5], we identify two prop-
erties of complete separable metric spaces (CSMs), namely being without isolated points and local
non-compactness. Despite the negative terminology, as befits the constructive setting, these con-
cepts are formulated as positive properties of spaces. Our first main result, Theorem 2.4, states
that Cantor space, which is itself without isolated points, embeds in any inhabited CSM without
isolated points, X, in such a way that every sequentially continuous function from Cantor space to
Z extends to a function from X to R. A second result, Theorem 2.5, gives an analogous property
for Baire space relative to any inhabited locally non-compact CSM. These results are proved in
Section 3.

In Section 4, we apply Theorem 2.5 to derive Escardé and Streicher’s result that the continuity
principle “all functions from C[0,1] to R are continuous” is false in domain realizability [7]. This
is a simple consequence of the known result for Baire space, together with the fact that C[0,1] is
easily shown to be locally non-compact. Furthermore, our approach establishes a more general
result that, for any inhabited locally non-compact X, the statement “all functions from X to R are
continuous” is false in any constructive setting in which certain choice and sequential-continuity
principles are valid. Realizability toposes built from domain-theoretic models of A-calculus validate
these principles. More generally, we establish various relationships between different continuity
principles, including the failure of continuity principles involving inhabited CSMs without isolated
points, in certain situations in which Theorem 2.4 applies.

In Section 5, we derive Hertling’s result, [10], that there exists a Banach-Mazur computable
function on the computable real numbers that is not Markov computable, as a consequence of
Friedberg’s result [8]. More generally, we show that, for any inhabited CSM X without isolated
points (understood recursion-theoretically), there exists a Banach-Mazur computable function
from X to the computable reals that is not Markov computable.

We believe that Theorems 2.4 and 2.5 may have other applications in computable and con-
structive analysis, as they appear to provide general tools for extending properties of the Cantor
and Baire spaces to other spaces.

2 Two constructive embedding-extension theorems

Following Bishop [4, 5], we do mathematics using intuitionistic logic, and we assume the principle
of countable choice ACy, namely choice for statements of the form VneN.Jz € X .. We shall
not need dependent choice. In fact, we mostly require only number-number choice, ACq, i.e.
countable choice in the special case X = N. However, in Lemmas 3.7 and 3.16, we make use of the
stronger principle ACy 1, i.e. countable choice in the case X = NN, We also assume extensionality
for functions: if f(x) = g(z) for all = then f = g, and if x = y then f(z) = f(y). (This is
needed in Proposition 4.7 and in Corollary 4.8.) For the development that follows, it does not
matter whether real numbers R are taken to be Cauchy sequences of rationals, with equality as



an equivalence relation over them, or whether real numbers are taken to be equivalence classes
of Cauchy sequences. The former is Bishop’s approach to real numbers, the latter is the natural
approach when reasoning in the internal logic of an elementary topos, where, because we assume
ACy 0, the object R of equivalence classes of Cauchy sequences is isomorphic to the favoured object
of Dedekind reals.

We assume familiarity with the constructive notions of metric space, Cauchy sequence (n.b.
constructively a Cauchy sequence is required to have an associated modulus function) and con-
vergence. Because we consider several notions of continuity, we spell out each one of them. A
function f: X — Y between metric spaces is:

— uniformly continuous when for every € > 0 there exists § > 0 such that, for all z,2’ € X, if
d(z,z') < 6 then d(f(z), f(2')) <e.

— pointwise continuous at * € X when for every € > 0 there exists 6 > 0 such that, for all
2’ € X, d(xz,2") < ¢ implies d(f(z), f(2)) < e. A function which is pointwise continuous at
every point is pointwise continuous.

— sequentially continuous when it preserves limits of convergent sequences: if (a;);cn converges
to a in X then (f(a;))ien converges to f(a) in Y.

Obviously, uniform continuity implies pointwise continuity, which in turn implies sequential con-
tinuity. Constructively, the converses need not hold, even for closed totally bounded spaces.

For a metric space (X,d), we write B(xz,r) for the open ball centered at x € X with radius
r > 0. We say that (X,d) is separable if it contains a countable dense subspace; and that it is
complete if every Cauchy sequence converges. As is customary we abbreviate complete separable
metric space as CSM.

For reference we list several standard examples of complete separable metric spaces. The set
of real numbers R equipped with the usual metric d(x,y) = |z — y| is a CSM, and so is the set of
real sequences RY with the metric defined by

d(l’,y) = Zmln(la |xk - yk') : 2_(k+1) .
k=0

Buaire space is defined as the subspace Z of RY consisting of all integer sequences, and Cantor
space 2V is the subspace 2N C ZN of binary sequences:

N={aecZV|VieN.(a;=0Va; =1)}.
The one-point compactification of N is the subspace NT of 2V defined by
Nt ={ac2V|VieN.(;=0 = Vj>i.a; =0)}.

N is a subspace of NT where a number n is represented by the sequence k,, whose first n terms
are 1, and all others are 0. The space N also contains the point at infinity ke, which is the
constant 1 sequence.

An eg-net in a metric space X is a finite subset N C X such that, for every = € X, there exists
y € N for which d(z,y) < e. A CSM is said to be complete totally bounded (CTB) if it has an e-net
for every € > 0. Cantor space, closed intervals [a,b] = {x € R | a < 2 < b} and the space N are
easily seen to be CTB. The notion of CTB space provides one possible constructive formulation
of compactness, though, in general, it cannot be shown constructively that CTB spaces have the
Heine-Borel property. Indeed, it is consistent for the Heine-Borel property to fail for Cantor space
and [0, 1].

We next define the concepts needed to formulate our main results. A point z € X is a cluster
point if every open ball centered at = contains a point distinct from z. In the presence of ACy g
this is equivalent to = being the limit of an injective sequence (a;);en, which is a sequence for
which d(ay, am) > 0 whenever n # m.



Definition 2.1 A metric space is without isolated points if every point is a cluster point.

We say that a sequence (a;);en in a metric space (X, d) is without accumulation point when,
for every x € X, there exist € > 0 and m € N such that d(z,a;) > € for all i > m.

Definition 2.2 A metric space (X, d) is locally non-compact at x € X if for every € > 0 the open
ball B(z,e) contains a sequence without accumulation point in X. It is locally non-compact if it
is locally non-compact at every x.

Examples of spaces without isolated points are metric vector spaces, locally non-compact spaces,
and dense subspaces of spaces without isolated points.

Any infinite-dimensional separable Hilbert space is a locally non-compact CSM, for example
the space £2 of square-summable sequences; or the space Cy[0, 1] of uniformly continuous maps
[0,1] — R, equipped with the supremum norm. The latter example generalizes as follows. If X
is a CTB space and f : X — R is uniformly continuous, then its supremum norm | f]le =
sup{f(z) | * € X} is well defined, and so C,(X) is a normed vector space. Then we have the
following proposition.

Proposition 2.3 If (X,d) is a CTB space which contains a cluster point then C,(X) equipped
with the supremum norm is locally non-compact.

Proof. As C,(X) is a normed vector space, it suffices to find in C,(X) a single bounded injective
sequence (f;)ien without accumulation point. Let b € X be a cluster point and (a;);cn an injective
sequence which converges to b. Without loss of generality we may assume that d(b,a,) > 0 for
all n € N. For each n € Nlet f, : X — R be defined by f,(x) = max(0,1 — 2d(z, a,)/d(b, ay)).
Clearly, || fnlleo =1 and || fr, — finlloo > 0 if n # m. It remains to be shown that (f;);en is without
accumulation point. Consider any uniformly continuous map g : X — R. If |g(b)] > 1/3 then
lg — frlloo = 1g(b) — fn(b)] = |g(b)] > 1/3 for all n € N. If |g(b)| < 2/3 then there exists € > 0
such that |g(z)| < 2/3 for all z € B(b,e). Because (a;);en converges to b there is m € N such
that a, € B(b,e) for all n > m. Therefore for n > m we get [|g — fulloo = |9(an) — fulan)| =
9(an) — 1] > 1/3. .

Two other important examples of locally non-compact CSMs are the space RY of infinite sequences
of real numbers and Baire space ZN.

In the presence of the formalized Church’s Thesis, CT [20, 4.3], the real line R and the closed
interval [0, 1] give surprising examples of locally non-compact spaces. This is because CTy implies
the existence of strong Specker sequences [20, 6.4.7], which are nothing but bounded monotone
sequences of reals without accumulation point. This shows that, constructively, it is consistent to
have a CSM that is simultaneously CTB and locally non-compact.

We now state the two main embedding-extension results of this paper. The proofs are deferred
to Section 3.

Theorem 2.4 If X is an inhabited CSM without isolated points then there exists e : 28 — X such
that:

1. The map e is a uniformly continuous embedding with closed image.

2. For every sequentially continuous f : 2% — Z, there exists a sequentially continuous f : X —

R such that f(x) = f(e(x)) for allz € X.

Theorem 2.5 If X is an inhabited and locally non-compact CSM then there exists e : ZN — X
such that:

1. The map e is a uniformly continuous embedding with closed image.

2. For every sequentially continuous f : ZN — 7, there exists a sequentially continuous f :

X — R such that f(x) = f(e(x)) for allx € X.



In classical mathematics, the second statement of each theorem follows from the first, as a conse-
quence of the Tietze extension theorem [6, Theorem 7.5.1]. However, existing constructive versions
of the Tietze Theorem, see e.g. [4, 5], are too restrictive to imply the results above.

Another difference from the classical setting is that, constructively, the different notions of
continuity need not agree. Thus one can imagine analogues of the above results in which sequential
continuity is replaced with other (stronger) forms of continuity. In fact, we have verified that our
proofs of Theorems 2.4 and 2.5 adapt to show that, when the f above are pointwise continuous then
so are the associated f. Nevertheless, in the present paper, we restrict attention to the sequentially
continuous versions stated above. Not only are the sequential versions the ones needed for our
applications later on, but also their proofs turn out to be harder than the proofs when stronger
notions of continuity are used.

3 The Proof of Theorems 2.4 and 2.5

The proofs of Theorems 2.4 and 2.5 are very similar. We therefore treat the (more interesting)
case of Theorem 2.5 in detail, and afterwards outline how the proof may be adapted to deal with
the (much easier) case of Theorem 2.4. We break Theorem 2.5 into two separate propositions.

Proposition 3.1 For any inhabited locally non-compact CSM X, there exist a uniformly contin-
uous embedding e : ZN — X with closed image and a pointwise continuous map g : X — RY such
that the left-hand diagram below commutes.

x —Lgo RY — >R
e J
ZN N ——L

f

Proposition 3.2 For every sequentially continuous f : ZN — Z there exists a sequentially con-
tinuous function h : RN — R such that the right-hand diagram above commutes.

Theorem 2.5 follows immediately from Propositions 3.1 and 3.2, with the map f = ho g as the
required extension of f along e.

3.1 Proof of Proposition 3.1

Throughout this section we assume that X is an inhabited locally non-compact CSM with a
countable dense subset S C X. For the construction of g we will need the “cone” and “hill”
functions, which we define now. For z € X and 0 < ¢ < r let cone(x,r) : X — R and hill(x,r,q) :
X — R be defined as

cone(z,7)(y) = max(0,1 —r~* - d(x,y))),
hill(z, ¢, 7)(y) = max(0,1 — (r — ¢)~" - max(0, d(x,y) — q)) -

Lemma 3.3 If (a;)ien and (b;);en satisfy lim; o d(a;, b;) = 0 and if (a;):en 8 a sequence without
accumulation point then so is (b;)ien.

Proof. Consider an arbitrary z € X. There exists ¢ > 0 and m € N such that d(z,a;) > € for
all i > m. There exists n € N such that d(a;,b;) < /2 for all i > n. Then for all i > max(m,n)
we have d(z,b;) > d(z,a;) — d(a;, b;) > €/2. L]



Lemma 3.4 FEvery open ball in X contains an injective sequence in S without accumulation point
n X.

Proof. Let B(x,r) be an open ball in X. By assumption X is locally non-compact, so there
exists a sequence (a;);en in B(x, r/2) without accumulation point. By ACq o there exists a sequence
(b;)ien in S such that d(a;, b;) < r/2iT! for every i € N. By Lemma 3.3 the sequence (b;);en is
without accumulation point. It is contained in B(z,r) because d(x,b;) < d(z,a;) + d(a;, b;) <
r/2+7/20 <7

By ACp there is a choice function f : N — N which chooses for each n € N some f(n) > n
such that there exists € > 0 for which d(by, by,) > € for all m > f(n). Now the sequence (¢;)ien
defined by ¢, = bsn (o) is injective. Because it is a subsequence of (b;);en it has no accumulation
points and is contained in both S and B(x,r), as required. ]

We say that a sequence (g;);en of positive reals convergently spaces a sequence (a;)eny in X if
lim; .o e; = 0 and ¢ # j implies d(a;,a;) > 2(e; + ;). Clearly, if (€;);en convergently spaces
(a;)ien then (a;);en is an injective sequence. For sequences without accumulation point, there is
a converse.

Lemma 3.5 If (a;)ien is an injective sequence without accumulation point, then for any e > 0,
there exists a sequence (g;)ien of positive rationals < e that convergently spaces (a;)ien-

Proof. We show that, for all i, there exists a positive rational ¢; < min(27¢, ¢) such that, for
all j # ¢, it holds that €; < d(a;, a;)/4. The lemma then follows immediately by ACy .

As (a;)ien is without accumulation point, for each ¢ there exists m; and ¢; > 0 such that, for all
J = m,, it holds that d(a;, a;) > (;. Because (a;);en is injective, the value & = min{d(a;,a;) | j <
m; A j # i} is positive. Thus there exists a positive rational g; < min(27% ¢, (;/4,&;/4), and this
has the required properties. [

Lemma 3.6 If (a;)ien is without accumulation point and (g;);en convergently spaces (a;);en then,
for all x € X, (i) there exists a unique k such that d(z,ar) < 2ey, or (i) for all i, it holds that
d(.’L‘, ai) > £;.

Proof. As (a;)ien is without accumulation point, there exist m and ¢ > 0 such that, for all
j > m it holds that d(x,a;) > . As lim;_,o &; = 0, there exists m’ such that, for all j > m/, it
holds that e; < ¢. Thus, for all j > max(m,m'), we have d(z,a;) > ¢;. For each i < max(m,m’),
d(z,a;) < 2g; or d(z,a;) > &;. As there are only finitely many ¢ < max(m,m’)} (i) there exits
k < max(m,m’) such that d(x, ax) < 2ey; or (ii) for all ¢ < max(m,m’), it holds that d(z, a;) > ;.
In the first case, the k such that d(x,ar) < 2¢; is unique because (g;);cy convergently spaces
(a;)ien- In the second case, d(x,a;) > ¢; for all 4. n

If (g;);en convergently spaces (a;)ien, then we say that ((a;)ien, (€:)ien) is well inside B(v,n)
if, for all ¢, it holds that d(v,a;) < n/3 and &; < 1/3.

Let N* be the set of finite sequences of integers. If a € N* and j € N, we write aj for the
sequence a followed by j. The empty sequence is denoted by [] and the length of a is denoted
by |a|. We write al, for the prefix in N™ of an infinite sequence o € N¥.

Lemma 3.7 There exist a family (w(a))een< i S and a family (§(a))qeen of positive rational
numbers such that, for every a € N*:

1. the sequence (w(ai));en is without accumulation point;
2. the sequence (6(ai))ien convergently spaces (w(ai))ien ; and

3. ((w(ai))ien, (0(ai))ien) is well inside B(w(a),d(a)).



Proof. Given v € S and rational n > 0, we have by Lemmas 3.4 and 3.5 that there there
exist an injective sequence (v;);en in S N B(v,n/3) without accumulation point, and a sequence
(n:)ien of positive rationals < 7/3 that convergently spaces (v;);en. As S is countable, by AC 1,
we obtain a function mapping each pair (v,7n) to such a pair of sequences ((v;)ien, (7:)ien)-

To prove the lemma, start off by fixing w([]) to be any member of S and §([]) = 1. Then
(w(ai), d(ai)) is defined by applying the above function to the pair (w(a),d(a)), and extracting
the i-indexed components of the resulting sequences. It is immediate from the definition that this
gives rise to families (6(a))qen+ and (w(a))qen+ satisfying the required properties. "

Lemma 3.8 Let (w(a))qeen+ and (6(a))qaen= be as in Lemma 3.7. If a € N* is a proper prefix
of b € N* then B(w(b),d(b)) C B(w(a),2d(a)/3).

Proof. This follows easily from property 3 of Lemma 3.7. [

Lemma 3.9 Let (w(a))qen+ and (3(a))qen~ be as in Lemma 3.7. For all a,b € N™ with a # b, it
holds that d(w(a), w(b)) > 2(d(a) + §(b)).

Proof. We can write a # b as a = cia’ and b = ¢jb’, where ¢ is the common prefix and ¢ # j.
The proof is by induction on |a’| = |/|. When |a’| = 0 the lemma is immediate {rom property 2
of Lemma 3.7. For |a’| > 0, we have o/ = o”m and ¥ = b”"n. The induction hypothesis gives
d(w(cia"), w(egb”)) > 2(6(cia”) 4+ 6(cjb”)). Also, by Lemma 3.8, we have d(a, cia”) < 26(cia’)/3
and d(b, cjb") < 26(cjb’”)/3. Thus d(a,b) > 4(6(cia”) + 5(cjb”))/3. However, by property 3 of
Lemma 3.7, §(a) < §(cia’)/3 and §(b) < §(cjb”)/3. So d(a,b) > 4(6(a)+ (b)) > 2(6(a) +4(b)). m

Lemma 3.10 Let (w(a))qen< and (6(a))qen+ be as in Lemma 3.7. For every n € N and x €
X, there exists a unique b € N™ such that d(w(b),z) < 26(b), or for all a € N™ it holds that

d(w(a),z) > §(a).

Proof. By induction on n € N. When n = 0 the lemma states that d(w([]),z) < 26([]) or
d(w([]),z) > §([]), which of course holds. Suppose n > 0. By Lemma 3.8, for all ¢’ € N"~1
if d(z,w(a’)) > d6(a) then d(x,w(a’?)) > §(a’i) for all i. By the induction hypothesis, there
exists a unique ¥ € N"~1 such that d(z,w(b')) < 26(b), or, for all a’ € N*"~1 it holds that
d(z,w(a )) > 0(a’). In the second case, we are done by the previous observation. Thus suppose
b € N1 is the unique such that d(z,w(b")) < 26(b’'). By uniqueness, for a’ € N with o’ # V',
it holds that d(x,w(a’)) > §(a’). Hence, by the observation above, d(z,w(a'i)) > §(a'i), for all
a' # b € N1 and i. So, if also d(w(b'5),z) > §(V'j) for all j, then indeed d(w(a),z) > &(a) for
all a € N". By Lemma 3.6, the only other possibility is that there exists (a unique) k such that
d(w(b'k),x) < 26(b'k). By Lemma 3.9, this is the unique b € N™ with d(w(b),z) < 24(b). "

We now prove Proposition 3.1. Let (w(a))qen+ and (6(a))qen+ be as in (the proof of ) Lemma 3.7,
with §([]) = 1. Using any bijection between Z and N, we rewrite these families as (w(a))qez+ and
(6(a))qez+. Define the map e : ZN — X by

e(a) = lim w(alf) .
This is well defined because, by statement 3 of Lemma 3.7, 6(a) < 371l for all a € Z*, a
so, by Lemma 3.8, the sequence (w(«al;));en is Cauchy. Also by Lemma 3.8, d(e(a), w(a Z)) <
26(afy)/3 < d(af;) < 3% Thus e is uniformly continuous because, for any ¢ > 0, take § = 2%
where k is such that 3~ = < g/2. If d(a,8) < 0 then al, = [, so indeed d( (a),e(B)) <
d(e(a), wlalk)) + d(e(8), w(Bl) < 2-3°F < =.
To define g : X — RN, we first define functions g; : X — R, for each i € N, by:

gi(z) =

a; - hill(28(a)/3,8(a))(z) if there exists unique a € Z*! with d(w(a),z) < 2§(a),
0 if d(w(a),z) > §(a) for all a € ZH1,



where we write any a € Z*! as agay ...a;. The function g; is well defined because when both
clauses apply they agree that g;(x) = 0, and, by Lemma 3.10, at least one of the cases al-
ways applies. Easily, when the first clause applies, then g¢;(y) = a; - hill(26(a)/3,(a))(y) for
all y € B(z,26(a) — d(w(a),z)). Similarly, when the second clause applies, g;(y) = 0 for all
y € B(x,d(w(a),r) —§(a)). Thus the function g; is pointwise continuous. Now define g : X — RN
by g(z) = (gi(x))ien. This is also pointwise continuous because the metric on RY defines RY as a
countable product with respect to pointwise continuous maps.

By Lemma 3.8, for any a = apay... € ZN, we have d(w(aliz1),e(a)) < 28(afiy1)/3 <
26(ali+1), so gi(e(a)) = ay - hill(20(afix1)/3, 0(afir1))(e(a)) = ay. Therefore gle(a)) = .

It remains to show that e is injective and that its image is closed. It is injective because goe is
injective. To see that the image is closed, consider a sequence (a;);en in ZY such that (e(a;))ien
converges to € X. Because ¢ is pointwise continuous the sequence (g(e(;)))ien = (@i)ien
converges to g(x), where g(z) € ZN because ZY is a closed subspace of RY. Therefore,  and
e(g(x)) are both limits of (e(c))ien, hence equal, and so z is in the image of e. This concludes
the proof of Proposition 3.1.

3.2 Proof of Proposition 3.2

For the proof of Proposition 3.2, assume given a sequentially continuous f : ZN — Z. We construct
a function h : RY — R extending f.
For v € RY and 3 € ZV, define a sequence (hf(’y))ieN of real numbers by:

hy () = f(0°),

Wy () = hY () + (F(B+10%) = B (7)) - T ] (cone(B;,1/4)(v)))
3=0

We say that ( is adequate for «y if, for all ¢ € N,
Bi —2/3 < <Bi+2/3.

By ACy g, for every v € RY, there exists 3 € ZY adequate for 7.

Lemma 3.11 If 8 and 3’ are both adequate for v then hf(’y) = hf/ (7).

Proof. The proof proceeds by induction on i. Clearly h'zg (v) = hf ' (7) in the case that §; = ;-,
for all j < 4. Otherwise, without loss of generality, there exists j < ¢ such that 3; < ﬂ; Then, as
both 3 and 3" are adequate for v, it holds that v; —2/3 < 8; < 8} < v;+2/3. Thus 8 = ;+1 and
B +1/3 <75 < B; —1/3, so cone(B3;,1/4)(v;) = 0 = cone(3},1/4)(7;). By induction hypothesis,

B () = by (0) = B2y () = B (). .
The above lemma justifies the definition

hi(v) = hf(fy), for any 8 adequate for v .

The following technical lemma is in preparation for Lemma 3.13 below.

Lemma 3.12 Let (&)ien be a sequence in [0,1] satisfying &1 < €2, for all i € N, and let
P, = H;;lo(l —¢&;). Then m > n implies |P, — P,| < (2/3)", and so the infinite product

H;—io(l —&;) =lim; o P; converges.



Proof. We show that m > n implies P, — P, < (2/3)". There are two cases. First, if £ > 1/3
for all ¢ < n, then
P,—P, <P, <(2/3)".
In the second case there exists k < n such that § < 1/2 and & > 1/3 for all i < k. Then, for all
i>k, Py < P < (2/3)F and & < (1/2)*7", s0

27271@

P, — P =P - & < (2/3)%-(1/2)% < (2/3)F - (1/2)'FF .

From this we derive
m—1
Pu— P < (2/3)- 3 (1/2)7F < (2/3)F - (1/2)"* < (2/3)".

i=n

Lemma 3.13 For every v € RY, the sequence (h;(7y))ien converges.

Proof. Let 3 be adequate for v. We must show that (hf3 (7))ien converges. As f is sequentially
continuous, there exists n such that f(8},04) = f(3) for all m > n. Then, for m > n, the equality

) = £9)+ 0500 = 56) - ] (1 11 (Cone(ﬂj,l/zl)(w))w) (1)

i=n §=0
is easily shown by induction on m. Define

ntk ontk—j

& (8,7) = ] (cone(8;,1/4)(n)) : (2)

Jj=0

By Lemma 3.12, £(3,7) = [[r—o(1 — &(8,7)) exists, and so the sequence (hf(y))ieN converges to
FB) + (hy(v) = £(8)) - €(B7) .

We define h to be the function
h(v) = lim hi(y) . (3)

By the proof of the above lemma, if § is adequate for v and n is such that f(8},,0¢) = f(B8) for
all m > n, then

h(y) = F(B) + (hi(v) = £(8)) - £(8,7) - (4)
Lemma 3.14 For all a € ZY, it holds that h(a) = f(a).

Proof. Trivially, 3 = « is the only sequence adequate for a. We must show that lim,, o, A% () =
f(a). Let n be such that, for all m > n, it holds that f(«},0“) = f(«). Then, by (1), we have
hg (v) = f(a) for all m > n, because cone(a;, 1/4)(a;) =1 for all j. "

It remains to show that h is sequentially continuous. This result is not needed for Sections 4
and 5. The readers who are mostly interested in the last two sections may wish to skip the
following proof.

Observe that the functions & : ZY x RY — R defined in (2) are uniformly continuous because
they are finite products of cone functions. By Lemma 3.12, the product &(83,7) = [[reo(1 —
£:(B,7)) converges uniformly. Therefore, ¢ : ZN x RY — R is a pointwise continuous function.
Similarly, for any i € N and 8 € ZY, the function hf : RN — R is uniformly continuous, because
it is a polynomial of cone functions. However, h need not be pointwise continuous, because its
defining limit (3) is not necessarily uniform.

Lemma 3.15 Suppose (7')ien is a sequence in RY converging to v. There ewists a sequence
(BY)ien in ZN converging to (3 such that (3 is adequate for v and ' is adequate for v for every
1€ N.



Proof. By ACy there exists 3 € Z such that, for all i € N,
Bi —5/9 <~ <B:;+5/9.

By ACy 1 there exists a sequence (0%);cy in ZY such that 6% is adequate for 4, for all i € N. Using
ACo o and the fact that (’yj—)ieN converges to 7;, we obtain a function m : N — N such that for all
j € Nand i > m(j) it holds that |v; — ;| < 1/9. Now define the sequence 3* by

I (5;- otherwise.
We claim that each 3% is adequate for v¢. Indeed, if i < m(j) then 6; = 6;, and if ¢ > m(j) then
185 =51 =185 =1 < 18 = vl + Iy =l <5/9+1/9=2/3.

Finally, lim; ., 8° = 3 because 3 agrees with 3% in the first j terms when i > max(m(0),...,m(j—

1)). .

Lemma 3.16 Suppose (3%);en converges to 3 in ZN. There exists k € N such that, for all m,n >
k,
FB™10%) = f(B™) = f(BI0%) = f(B) -

Proof. For j € N define L; C Nx N to be L; = {(m,j) | m > j}U{(4,n) | n > j}. By
sequential continuity of f there exists ¢ € N such that, for all j > ¢, f(3) = f(87) = f(3];,0~). We
claim that, for all j > ¢, either

V(m,n)€L;. f(B™RL0%) = f(B) (5)
or
J(m,n) € L;. f(B™1,07) # f(B) . (6)

To see this, use sequential continuity of f to obtain j* > j such that, for all m,n > j', f(6™};0¥)

f(B1;0¢) = f(B) and f(B71,0¢) = f(B#) = f(B). By inspecting the finitely many values {(m,n) €
L; | m,n < j'} it can now be determined whether (5) or (6) holds.
Next we define sequences (m(j));>¢ and (n(j));>¢ as follows:

if (5) holds for j,

(m,n) the lexicographically smallest (m,n) € L; for which (6) holds.
The sequence (5™() l(;y0¥)>¢ converges to 3 in 7N because m(j) > j and n(j) > j. By the
sequential continuity of f, there exists k > ¢ such that, for all j > k, f(g™0) h()H0%) = f(B).

By the definition of (m(j),n(j)), we must have (5) for all j > k. Therefore, if m,n > k then
F(B™R0Y) = f(B™) = f(B.0%) = f(B) because (m,n) € Liin(m,n) and min(m,n) >k > £. ]

At last we show that h is sequentially continuous. Let (7*);ey be a sequence in RY converging
to 7. By Lemma 3.15 there exists a sequence (3%);ey in ZN converging to 3, such that 3 is
adequate for v and each 3’ is adequate for v*. By Lemma 3.16 there exists & € N such that
F(B™1,0¢) = f(B™) = f(B].0°) = f(B) for all m,n > k. By (4), for all m > k,

h(y™) = F(B™) + (B (Y™) — F(B™)) - £(B™,~™)
= F(B) + (b (¥™) — f(B)) - (8™ A™) .

There exists k¥’ € N such that, for all m > k', B and ™ agree in the first k terms. Thus, for
m > k', it holds that hf (™) = hf (v™), hence for all m > max(k’, k) it is the case that

h(y™) = F(B) + (Ry(v™) — £(B)) - E(B™,4™) .
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We observed above that the functions ¢ and hf are pointwise continuous, so

lim A(y™) = lim (f(8)+ (H[(y™) = £(8)) - £(B™7™))

= f(B) + (h{(7) — £(B)) - €(8,7)
=h(v),

where the last equality follows from (4), using f(8},04) = f(8) for all n > k.

This completes the proof of Proposition 3.2. Observe that, in addition to showing the existence
of h given f, the proof constructs a function mapping any sequentially continuous function f :
ZN — 7 to a corresponding sequentially continuous extension hy : RN — R,

Remark 3.17 Under the stronger assumption that f is uniformly continuous on CTB subspaces
of ZN (this is the main notion of continuity used by Bishop [4]) there is an easier construction
of an extension function h. For, any z € R define the probability distribution p,: Z — [0,1] by
pz(a) = max(0, 1 — max(1, |z — a|)). For any v € RY define ., to be the product measure on Z"
whose i-th component is the measure on Z determined by p.,. Then define

h(v) = /fdﬂ'y~

Constructively, the assumption that f is uniformly continuous on CTB subspaces is needed to
ensure that the integral is well defined. A generalization of this approach to extending functionals
has been worked out in a classical setting by Normann, who has embedded the entire continuous
type hierarchy over N in the continuous type hierarchy over R, see [17].

Remark 3.18 It should be possible to avoid the technical proof that h is sequentially contin-
uous, by proving a meta-theorem guaranteeing that, because h is defined constructively from
functions that are themselves sequentially continuous, it holds automatically that h is sequen-
tially continuous too. One possible approach to formalizing such a meta-theorem would be to
develop a constructive analogue of Johnstone’s “topological topos” 7 of sheaves for the canon-
ical Grothendieck topology on the monoid of continuous endomorphisms on N* [12]. Then the
relativization of the construction of i to 7 would a fortiori result in a sequentially continuous
function being produced. It would be interesting to see this worked out in detail.

Remark 3.19 The proof of Lemma 3.16 can be generalized to show that every sequentially con-
tinuous f : Nt x Nt — N is uniformly continuous. For further connections between sequential
continuity and the space Nt, see Section 4 below.

In Section 5, we shall use a couple of straightforward consequences of the proof of Proposi-
tion 3.2, rather than the result itself. To formulate these, we say that G C RY and B C ZY form
an adequate subdomain pair if:

1. for all v € G there exists § € B with 8 adequate for v, and
2. for all § € B and n € N it holds that gy...3,-10¥ € B.

Given such G and B and sequentially continuous f : B — Z, the proof of Proposition 3.2 clearly
constructs a function hg,p 5 : G — R.

Lemma 3.20 If G and B are an adequate subdomain pair and f : B — Z is sequentially contin-
uous then h(g g gy : G — R satisfies hq g5y = f(a) for alla € GN B.

Proof. Identical to the proof of Lemma 3.14. [

11



Lemma 3.21 If G, B and G', B’ are adequate subdomain pairs, and f : B — Z and ' : B’ — Z
are sequentially continuous functions satisfying f(a) = f'(a) for alla € BNB', then ha,p, ) (7) =
h(G/,B',f/)(’y/) fO?“ all Y S G n G/.

Proof. Suppose v € GNG'. Let B8 € B and ' € B’ be adequate for v. Write hfﬁ(*y) for
the convergent sequence determining h (g g, r)(v) and h{ B () for that determining hr g/ 1y (7')-

Note, of course, that the function f is used in the recursive definition of h{ 4 (), whereas f’ is

used in the definition of hf—ﬂ’ﬁl (7). We show by induction on i that k"’ () = hif/’ﬁ/(fy).

Suppose 3; = 3}, for all j < i. Then B[;0* = p'[;0¥ € BN B, so f(B:0%) = f'(8'l:0%).
Thus, by applying the induction hypothesis to the definitions of h{ B (7v) and hif B (), we obtain
WP () = {7 ().

Otherwise, without loss of generality, there exists 7 < ¢ such that §; < ﬁ;. As in the proof of
Lemma 3.11, cone(3;,1/4)(v;) = 0 = cone(3},1/4)(v;). So, by induction hypothesis, hf’ﬂ(’y) =
WA () = b () = 0] (). .

3.3 Proof of Theorem 2.4

We conclude this section with a summary of the proof of Theorem 2.4. The main difference is to
replace Proposition 3.1 with the analogous result below.

Proposition 3.22 Let X be an inhabited CSM without isolated points. There exists a uniformly
continuous embedding e : 28 — X with a closed image and a pointwise continuous map g : X — RN
such that g(e(a)) = a for all a € 2V,

The proof follows along the same general lines as that of Proposition 3.1, but is significantly
simpler. In the proof of Proposition 3.1, a family (B(w(a),d(a)))sen- of open balls in X is defined
with B(w(b), (b)) € B(w(a),26(a)/3) whenever a is a proper prefix of b, and such that each
sequence (w(ai));en is without accumulation point. To prove Proposition 3.22, one more easily
constructs a family (B(w(a),d(a)))qec2- of open balls, again with B(w(b), §(b)) € B(w(a),2d(a)/3)
whenever a is a prefix of proper b, but such that each sequence w(a0) # w(al). The required
function g can then be defined in much the same way as before, but nowhere in the proof is there
any need for analogues of Lemmas 3.3-3.6 and 3.10, which are all specific to sequences without
accumulation point.

Finally, Theorem 2.4 is easily derived from a combination of Propositions 3.22 and 3.2. Indeed,
given a sequentially continuous f : 28 — Z, this easily extends to a sequentially continuous
'+ ZN — 7Z, and hence Proposition 3.2 applies to yield a sequentially continuous h: RY — R.
Then the composite f = h o g, where g is given by Proposition 3.22, gives the extension required
by Theorem 2.4.

4 Applications to Continuity Principles

Continuity principles are statements asserting that all functions between certain spaces are con-
tinuous. Nontrivial continuity principles are inconsistent with classical mathematics, but play an
important role in Brouwer’s intuitionistic mathematics. They are also a feature of the internal
logic of many toposes. In this section we apply Theorems 2.4 and 2.5 to derive new relationships
between different continuity principles.

For metric spaces X and Y we consider the two continuity principles:

CP(X,Y) :  All functions f : X =Y are pointwise continuous,
CPuq(X,Y) :  All functions f : X — Y are sequentially continuous.

12



The sequence of propositions below, which is mostly folklore, summarizes basic relationships be-
tween the main continuity principles. In them, we write ACy o for the the principle of choice for
statements of the form V f e NN . 3neN. .

Proposition 4.1 Consider the following statements.
1. CPy(ZN,N).
2. CPu(X,N), for all CSMs X.

(Z",R).

4. CP(X,Y), for all CSMs X and metric spaces Y.

3. CPy

Then 1 <= 2 <=3 <= 4. Moreover, if AC; o holds then 1 = 3.

Proof. The implication 2 = 1 is immediate, and 4 implies the other statements. In [21,
§7.2.7], it is shown that every CSM is a quotient (with respect to pointwise continuous maps) of
ZN. This gives the implication 1 = 2. Similarly, if 3 holds then so does CPuy(X,R) for all
CSMs X. To see that this implies 4, consider any f: X — Y and element z € X. By CPy(X,R),
the function =’ — d(f(z), f(z')): X — R is pointwise continuous. Hence, for any ¢ > 0 there
exists 0 such that, for all 2’ € B(x,d), we have d(f(z), f(2’)) < e. Thus f is continuous at every
x, hence pointwise continuous. Finally if both 1 and AC; o hold then so does the principle WC-N,
see [20, §4.6.3]. It is shown in [21, §7.2.7] that WC-N and 4 together imply CP,(X,Y"), for all
CSMs X and separable metric spaces Y. Thus, in particular, 3 holds. [

Recall, from Section 2, the notion of CTB space. We say that a metric space X is locally CTB if
every point in X has a CTB neighbourhood.

Proposition 4.2 Consider the following statements.
1. CP,(2Y)N).
2. CPw(X,N), for all locally CTB CSMs X.
(2%,R).

4. CP(X,Y), for all locally CTB CSMs X and metric spaces Y .

3. C Ppt

Then 1 <= 2 <=3 <= 4. Moreover, if ACi o holds then 1 = 3.

Proof. Similar to the proof of Proposition 4.1, making use of the fact that 2V is itself CTB (and
hence locally CTB), and of the fact that every CTB space is a quotient of 2%, which is established
in [21, §7.4.4]. [

Proposition 4.4 below is an analogue of the preceding propositions for sequential continuity
principles. First we show that, for maps out of the space NT defined in Section 2, the sequential
and pointwise continuity principles coincide.

Proposition 4.3 For any metric space Y, the following are equivalent.
1. CPy(NTY).
2. CPyeq(NTY).

3. For all f: Nt — Y and € > 0 there exists m € N such that, for all n > m, we have

d(f(ﬁn)» f(’ioo)) <e.
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Proof. Trivially, 1 = 2 = 3. Suppose then that 3 holds. We must establish CP,(N*,Y").
Consider any f: NT — Y, a € Nt and ¢ > 0. By 3, there exists m € N such that, for all n > m,
it holds that d(f(sn), f(keo)) < €/4. We prove that, for § = 27(™+1) and o/ € B(a,d) it holds
that d(f(«a), f(e')) <e.

If i < m is the least such that o; = 0 then a = r;, and B(a, 27" ") C B(a,2711) = {a}.
Thus, for all o’ € B(a, 271 we have d(f(a), f(o')) =0 < e.

Otherwise, o;; = 1 for all i < m. Define g: N — N by g(8); = a; - 8;. Then, for any m’ > m,
we have g(k,,) = Kk, for a unique n with m < n <m’. Also, trivially, g(kso) = a. So, by applying
3 to go f, there exists m’ € N such that, for all n’ > m/, we have d(f(g(kn')), f(«)) < €/4. Then,
9(Fmax(m,m’)) = kn for some n with m < n < max(m,m’). So, d(f(kn), f(a)) < €/4, but also
d(f(kn), [(Feo)) < €/4, because n > m. Thus d(f(a), f(ks)) < €/2.

Now consider any o’ € B(a,2-(™+1). Then o/, = 1 for all i < m. By the same argument as
above, d(f(a/), f(keo)) < €/2. Thus d(f(«), f(e)) < €, as required. "

Proposition 4.4 Consider the following statements.
1. CPeeq(N*N).
2. CPyq(X,N), for all CSMs X.
3. CPyq(NT,R).
4. CPeeq(X,Y), for all CSMs X and metric spaces Y .
Then 1 <= 2 <=3 <= 4. Moreover, if AC; o holds then 1 = 3.

Proof. Trivially 2 = 1, and 4 implies the other statements. To show that 1 implies 2,
suppose that 1 holds, and consider any f: X — N. Let (z;);eny be a Cauchy sequence in X,
with limit zo. Define g: Nt — X by g(a) = lim, o h(a,n) where h(a,n) = z if af, = 1"
and h(a,n) = zp, if af, = 1™0" ™. By definition, ¢g(kw) = oo and g(k;) = x;. By 1, fogis
sequentially continuous. So, for any € > 0, there exists m such that, for all n > m, it holds that
d(f(g(kn)), flg(k))) < €, i.e. d(f(zn), f(zs)) < e. Thus f is indeed sequentially continuous.
A similar argument establishes that 3 implies CPsq(X, R), for all CSMs X. From this 4 follows
by using, for any (x;);en converging to z in X, and f: X — Y, the sequential continuity of the
function 2’ — d(f(z), f(z’)): X — R, as in the proof of Proposition 4.1. It remains to show
that 1 = 3, given ACy 9. We establish CPsq(NT,R) using the condition of Proposition 4.3.3.
Consider any f: N* — R and & > 0. Because N* is a retract of NV, it follows from AC; o that
there exists g: NT — {0, 1} such that g(a) = 0 implies d(f(a), f(koo)) < €, and g(a) = 1 implies
d(f(@), f(kao)) > €/2. Thus g(keo) = 0 and, by CPeq(NT,N), there exists m such that, for all
n > m, it holds that g(k,) = 0. Then, for all n > m, we have d(f(k,), f(kwo)) < €, as required. m

The next result observes that Propositions 4.1, 4.2 and 4.4 analyse a sequence of successively
weaker continuity principles.

Proposition 4.5 CP,(ZN,N) = CP,(2",N) = CPyq(NT,N).

Proof. The first implication holds because 2V is a retract of Z". The second one follows from
Proposition 4.3 and the fact that N is a retract of 2. [

We now present our application of Theorems 2.4 and 2.5 to continuity principles. In the
presence of the sequential continuity principle of Proposition 4.4, the general continuity principles
of Propositions 4.1 and 4.2 are implied by many of their instances.

Theorem 4.6 Suppose that CPseq(NT,N) holds.
1. If X is an inhabited CSM without isolated points and CPy (X, R) holds then so does CPy (2N, N).
2. If X is a locally non-compact inhabited CSM and CPp(X,R) holds then so does CPy(ZN,N).
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Proof. To prove the first part, consider any function f : 2N — Z. By Proposition 4.4, it
is sequentially continuous. By Theorem 2.4 there exists f : X — R such that f = foe. By
assumption, f is pointwise continuous, therefore f = f o e is too. The second part is proved
analogously as a consequence of Theorem 2.5. [

One application of the above theorem is to establish the failure of interesting instances of continuity
principles, by establishing the failure of CPpy (2, N) or CPy(Z",N). For example, there is a well-
known condition under which CPy(ZN,N) fails. We write ACy o for the the principle of choice for
statements of the form V f € NN IneN. ®.

Proposition 4.7 If ACy holds then CPy(ZN,N) does not.

Proof. See Section 9.6.10 of [21]. "

Corollary 4.8 If both CPsq(NT,N) and ACq o hold then, for any inhabited locally non-compact
CSM X, the continuity principle CPy (X, R) is not true.

Proof. If all functions X — R were continuous, then by the second part of Theorem 4.6,
CPpt(ZN7 N) would hold, but by Proposition 4.7 this would contradict ACz g. n

We remark that Proposition 4.7 and Corollary 4.8 rely on the extensionality of functions.

We now step back from the preceding development within constructive mathematics, and sur-
vey a few of the familiar and less familiar constructive scenarios in which various of the continuity
principles discussed above either hold or fail.

Example 4.9 In Brouwer’s intuitionism both CPy(ZY,N) and AC; ¢ are valid. So the full power
of Proposition 4.1.4 is available. This situation is mimicked within the internal logic of the real-
izability topos RT(K3) over Kleene’s second algebra Ko [13, 1].

Example 4.10 In Markov’s Recursive Mathematics, CPy(ZY, R) is valid (although AC; ¢ fails),
and hence Proposition 4.1.4 is again available. This situation is mimicked within the internal logic
of Hyland’s effective topos, &ff, [11].

Example 4.11 In the realizability toposes RT(Pw) and RT(D), where D is a universal Scott
domain, the continuity principle CPpt(2N, N) holds, as a consequence of the existence of a continuous
modulus of uniform continuity on Cantor space 2. (In fact a stronger continuity principle holds:
all functions from 2~ to N are uniformly continuous.) Also choice holds between arbitrary “finite
types” [2, 1]), in particular AC; o and ACy o hold. Thus, by Proposition 4.2, CP,(X,Y") holds, for
every locally CTB CSM X and metric space Y. On the other hand, by Corollary 4.8, CPy(X,R)
fails, for any inhabited locally non-compact CSM X. In particular, CPy(Cy[—1,1],R) fails, for,
by Proposition 2.3, C,[—1, 1] is an inhabited locally non-compact CSM. Thus we have generalized
the main result of [7], which established the failure of CPy(Cy[—1,1],R) in RT(D). (Actually, [7],
work with the set C[—1, 1] of pointwise continuous functions from [—1, 1]. In RT(D), it holds that
C[-1,1] = Cy[-1,1], using ACy o and the uniform continuity of functions from 2% to N.)

Example 4.12 In the extensional effective topos [18, 22], by construction, choice holds for all
“finite types”; in particular, AC; o and ACgo hold. Peter Lietz [14, Chapter II] shows that
CPseq(NT,N) holds, but that CPy(2Y,N) fails. By Proposition 4.4, it follows that CPseq(X,Y)
holds for every CSM X and metric space Y; however, by Theorem 4.6.1, CPy(X,R) fails for
any inhabited CSM X without isolated points. In particular, CPy(R,R) fails. This shows that
constructively CPsq(R,R) does not imply CPy (R, R).
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5 An Application to Banach-Mazur computability

In this section, we switch to ordinary classical mathematics.! Our aim is to prove a general
(classical) result, Theorem 5.2, that differentiates between computability in the sense of Markov,
which is the most widely recognised notion of computability, and computability in the sense of
Banach and Mazur. To achieve this, we apply the results of Section 3, making crucial use of their
constructivity in order to use them as statements valid in the internal logic of Hyland’s effective
topos, Eff, [11].

5.1 Numbered sets, Markov computability and computable metric spaces

Following [9, 10], we introduce the notion of Markov and Banach-Mazur computability in the
setting of computable metric spaces presented as numbered sets.

A numbered set, also known as modest set, is a structure X = (| X|,vx) where X is a set,
and vy is a partial surjection from N onto X. This is a widely used generalization of Ersov’s
notion of numbered set. Indeed, an Ersov numbered set is just a numbered set X for which vy is
a total function.

We shall be interested in different notions of morphism between numbered sets X, Y. A function
f:X —Y is simply a (set-theoretic) function f : |X| — |Y|. A function f: X — Y is said to
be Markov computable (henceforth simply computable) if there exists a partial-recursive function
r: N — N such that fovyx = vy or; in this situation we say that r realizes f.

The category of numbered sets and computable functions is cartesian closed. Finite products
are easily defined using a pairing function (—, —) on natural numbers. The function space Y X has
the set of computable functions from X to Y as its underlying set, and vy x is the unique partial
surjection for which V;)l(( f) is the set of indices (in some standard enumeration) of all partial
recursive functions realizing f. Furthermore, the numbered set N = (N, idy) is a natural numbers
object in the category. We write 2 for the set {0,1} numbered by the (partial) identity. And we
write Z for Z numbered by a computable bijection from N to Z.

Numbered sets come with an associated intuitionistic logic for reasoning about them, derived
from their embedding within Hyland’s effective topos, &ff, [11]. Indeed, the category of numbered
sets and computable functions between embeds fully as the category of effective objects, or modest
sets, in &ff, see [11, Section 7]. The induced logic allows a theory of computable metric spaces
(and other aspects of constructive mathematics) to be developed in an entirely routine way, by
merely interpreting the standard constructive definitions within the internal logic of the topos.
Although, in effect, this is the route we now follow, we shall present all definitions in concrete
form, in order to make them accessible to readers who are not familiar with the effective topos.
At the same time, we also state the equivalent logical definitions, in order to avoid making the
paper unnecessarily impenetrable to those who are familiar with the topos-theoretic approach.

The computable real numbers are defined as a numbered set R. in a standard way, see e.g. [9].
A computable metric space is given by a numbered set X together with a computable distance
function d : X x X — R, satisfying the usual axioms. A (computable) Cauchy sequence in
a computable metric space is given by a computable sequence, i.e. a computable function z_, :
N — X for which there exists a computable modulus function p : N — N satisfying d(z;, ;) < 27"
for all n and i,j > p(n). The limit, if it exists, of a Cauchy sequence x(_) with modulus p, is
the unique element z € X satisfying d(x;,z) < 27" for all n and ¢ > p(n). The numbered
set Cauchy(X) of Cauchy sequences in X is defined by setting V_l(ac(_)) to be the set of all pairs
(e, €’) where e is an index for the sequence (_y and ¢’ is an index for a modulus . A computable
metric space is said to be complete if every Cauchy sequence has a limit, and the limit-finding
function Cauchy(X) — X is computable. It is said to be separable if there exists a computable
sequence s_y in X and there exists a partial recursive function ¢ : N x N — N such that, for all
e € dom(vx) and n € N, it holds that c(e,n) is defined and d(vx (), Sc(e,n)) < 27". A computable
CSM is a complete and separable computable metric space.

1Theorem 5.2, which states the existence of functions that are not Markov computable, is obviously not provable
using only constructive principles consistent with Church’s Thesis, CTo [20, 4.3].
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The above definitions arise naturally in the context of the effective topos. The object R is
just the object of Cauchy (equivalently Dedekind) reals in Eff. A numbered set with computable
distance function is a computable metric space if, and only if, the corresponding effective object
and distance function in &ff form a metric space in the internal logic of &ff. Furthermore, the
numbered set is a computable CSM if, and only if, the effective object is internally a CSM. These
facts are simply consequences of the explicit definitions for computable metric spaces above being
direct unwindings of the corresponding internal definitions. Incidentally, it even holds that the
separable metric spaces in &ff are (up to isomorphism) exactly the computable separable metric
spaces as defined above. This is so because every separable metric space is a double-negation
separated subquotient of NN, which is in turn a subquotient of N, and the effective objects are (up
to isomorphism) just the double-negation separated subquotients of N.

A computable metric space X is said to be without isolated points if there exists a partial
recursive function p : N x N — N satisfying, for all e € dom(rx) and n € N, it holds that
ple,n) € dom(vy) and 0 < d(vx(e),vx(p(e,n))) < 27". A computable sequence x(_y in a
computable metric space X is said to be without accumulation point if there exist partial recursive
functions p : N = N and ¢ : N — N satisfying, for all e € dom(vx), it holds that p(e) and ¢(e) are
defined and d(vx (e), Tp(e)) > 2-4(¢) A witness for a computable sequence without accumulation
point is given by a triple (ej,es,e3) where e; is an index for the recursive function realizing
x(—), and eg,e3 are indices for the partial recursive functions realizing p and ¢ respectively. A
computable metric space X is said to be locally non-compact if there is a partial recursive function
r : N x N — N such that, for all e € dom(vx) and n it holds that r(e,n) is defined and equal
to (e1, ez, e3) where this triple witnesses that a (thereby determined) sequence x(_) is without
accumulation point, and where, furthermore, for all ¢ € N it holds that d(vx(e),x;) < 27™.

Once again, the above definitions are simple unwindings of the corresponding internal defi-
nitions in &ff. Thus a computable metric space is without isolated points (respectively locally
non-compact) if and only if the corresponding effective object is internally without isolated points
(respectively locally non-compact) according to the definitions in Section 2. Trivially the com-
putable CSM of computable real numbers, R., is without isolated points. Moreover, because
Church’s Thesis CTy holds in &ff, see [11], it follows from the remark in Section 2 that R. is also
locally non-compact.

Question 5.1 Is every computable CSM without isolated points locally non-compact?

5.2 Banach-Mazur computability

The main result of this section is concerned with a second notion of computable function between
numbered sets, due to Banach and Mazur. A function f : X — Y, is said to be Banach-Mazur
computable, henceforth BM-computable, if, for every computable sequence s : N — X, it holds
that the sequence fos: N — Y is computable.

It is obvious that every computable function is BM-computable. Conversely, if X is an Ersov
numbered set then it is easily seen that every BM-computable function is computable (and this
result generalizes to any X isomorphic to an ErSov numbered set by way of computable isomor-
phisms). However, many of the interesting objects of computable analysis are not isomorphic to
Ersov numbered sets. Although, for such spaces, there is no reason for all BM-computable func-
tions to be computable, it is not easy to find counterexamples. A first (and sophisticated) such
example was produced by Friedberg, who showed that there exists a BM-computable function
from NN to N that is not computable [8]. A general discussion of the relationship between the two
notions is contained in Hertling’s recent paper [10], where, as the main result, a BM-computable
but non-computable function from R. to R. is constructed. The main theorem of this section
generalizes Hertling’s result to a wide class of computable metric spaces.

Theorem 5.2 If X is an inhabited computable CSM without isolated points then there exists a
BM-computable function from X to R¢ that is not computable.
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The proof of Theorem 5.2 is given in Section 5.3 below. An interesting feature of the proof is that
we obtain our result as a direct consequence of Friedberg’s [8], whereas Hertling’s non-computable
but BM-computable function from R. to R. was constructed from first principles [10].

In preparation for the proof, we present three propositions asserting positive properties of BM-
computable functions between numbered sets and computable metric spaces. The first states that
the object XN, which is the an exponential in the category of numbered sets and computable maps,
is also an exponential in the category of BM-computable maps (thus the object N is exponentiable
in the category of BM-computable maps).

Proposition 5.3 Suppose that X,Y are numbered sets.

1. If f : Nx X — Y is BM-computable, then its transpose f :x — An. f(n,x) is a BM-
computable function from X to Y'N.

2. Conwersely, if g : X — YN is BM-computable, then so is the function g : (n,z) — g(z)(n) :
NxX—Y.

Proof. For statement 1, suppose that f: N x X — Y is BM-computable. We must first verify
that, for any = € |X|, it holds that f(:c) € |YN|, ie., that n +— f(n,z) : N — Y is computable.
But s : m — (n,z) : N - N x X is a computable sequence, so by BM-computability f o s is
computable, i.e. n — f(n,z) is indeed computable. To show that f is BM-computable, consider
any computable z(_y : N — X. Then (n,m) — (n,2,) : N x N — N x X is computable. By
BM-computability of f, it holds that (n,m) — f(n,zm,) : N x N — Y is computable. Thus, by
cartesian closure, m +— An. f(n,,,) : N — YN is computable, i.e. m — f(z,,) is computable, as
required.

We omit the similar proof of statement 2. (Anyway, the result is not used below.) m

Mazur [15] proved that every BM-computable functions from R¢ to R. enjoys the property that,
for any computable Cauchy sequence (), with limit z ., it holds that (f(x,)),, considered as a
sequence of ordinary (though, of course, computable) real numbers, is a Cauchy sequence in the
ordinary sense with limit f(z.). The next proposition is an improvement on this result due to
Hertling, [9]. The improvement both generalizes Mazur’s result to the setting of computable metric
spaces, and also strengthens it to show that the derived sequence (f(z,))n is even a computable
Cauchy sequence in the computable sense.

Proposition 5.4 (Hertling) If X, Y are computable metric spaces, with X complete, and f :
X — Y is BM-computable then, for any computable Cauchy sequence (x,)y, with limit o, it
holds that (f(xy))n is a computable Cauchy sequence with limit f(xso).

Proof. This is proved as Theorem 17 of [9], where, in fact, the proof is given for a more general
notion of “BM-computable metric space”. [

The next proposition concerns the numbered set N™, representing the one-point compactifica-
tion of N in &ff, whose underlying set is {k,, | n € N}U{kso}, where, for i € NU{oo}, the sequence
k; € 2N satisfies ;(n) = 1 if and only if n < i. The set v~1(;) is inherited from 2N.

Proposition 5.5 If X is a computable complete metric space then every BM-computable function
from NT to X is computable.

Proof. Suppose g : Nt — X is BM-computable. The sequence (k,), in N¥ is computable,
and also a Cauchy sequence with limit k.. As g is BM-computable, the sequence (g(ky))s is
computable. By Proposition 5.4, it is Cauchy with limit g(ku).

We show below that there is a partial-recursive function p : N x N — N satisfying: (i) for
all @« € N* and (n,m) with m € vl (), it holds that d(vx(p(n,m)),g(a)) < 27"; and (i)
m,m’ € vy!(a) implies vx (p(n,m)) = vx(p(n,m’)). Given such a p, we have that p realizes a
computable function h : N x NT — X, whose transpose h:Nt — XN maps every a in NT to a
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Cauchy sequence in X with limit g(«). Because limits of Cauchy sequences are found computably,
it follows that g is computable.

It remains to define p. This is given by the following algorithm. Given (n,m), first compute
k = p(n), where u is the computable modulus function for the sequence (g(k;)); (that is, for all
J.j" > p(n), it holds that d(g(k;)g(k;s)) < 27™). Next, examine the values {m}(0),...,{m}(k).
If any of these values is undefined, or > 2, or if a 0 occurs before a 1 then m cannot be in any
set I/,\_I_&(Oz), and p(n,m) is left undefined. Otherwise, let ¢ be the smallest number with 0 <7 < k
such that {m}(i) = 0, if such an ¢ exists, or let ¢ be k, if {m}(0),...,{m}(k) are all 1. Finally,
define p(n,m) to be the element of v (g(a;)), which can be computed using the realizer of the
computable sequence (g(ky))n-

It is immediate from the definition that p satisfies property (ii). We must show that it also
satisfies (i). Suppose then that o € N and m € I/N__&(Oz). Then, for any n, define k = pu(n) as
above. There are three cases. First, if o = x; for some j < k, then the i defined above is j and so
#; = a. It follows that p(n,m) € vy'(g(a)), so d(vx (p(n,m)), g(a)) = 0 < 27™. Second, if a = &,
for some j > k, then the i defined above is k. So d(vx(p(n,m)), g(e)) = d(kk, ;) < 27", by the
modulus property of k = u(n). Third, if & = koo then ¢ is again k, so d(vx(p(n,m)),g(a)) =
d(Kk, keo) < 27", by the definition of limit and the modulus property of k = u(n). "

5.3 Proof of Theorem 5.2

Our proof of Theorem 5.2 applies the results of Section 3 within the context of the effective topos,
Eff. In order to fully understand the proof as written, it is necessary for the reader to have
some knowledge of the workings of the internal logic of £ff. However, we also provide concrete
descriptions of the numbered sets involved in the proof, so that a reader with no knowledge of
Eff should nevertheless be able to fill in the various recursion-theoretic details that are otherwise
taken care of automatically by the internal logic of &ff.

The main additional tool we need in the proof is the following adaptation of Proposition 3.2
to a statement about BM-computable functions between numbered sets. Let i : Z — R be the
inclusion of the numbered set Z in the computable reals.

Lemma 5.6 For every BM-computable f : ZN — Z there exists a BM-computable h : RN — R.
satisfying hoiN =io f:ZN — R..

Before giving the proof, we show that Theorem 5.2 is indeed a consequence of the lemma.

Suppose that X is an inhabited computable CSM without isolated points. Thus X is an
effective object of &ff, which is a CSM without isolated points in the internal logic of &ff. It is now
an immediate consequence of Proposition 3.22 that there exist computable functions e : 2V — X
and g : X — RN such that goe = jN : 2V — RN, where j : 2 — Rc is the inclusion of the
numbered set {0,1} in the computable reals.

By Friedberg’s theorem [8], there exists a BM-computable function from NN to N that is
not computable. Moreover, the numbered sets 2N and NN are computably isomorphic (indeed
pointwise homeomorphic) [3, IV.13]. Therefore there exists a BM-computable fr : 2N — N that
is not computable. By Lemma 5.6, using that 2 is a computable retract of Z, there exists a BM-
computable hp : RCN — R¢ such that hFOjN =iofp: 2N R.. Thus iofp = hpogoe. Because g
and e are computable and ¢ is the inclusion of Z in R, it follows that if hp o g were computable
then fr would be too, which is not the case. Thus hpog: X — R is indeed BM-computable but
not computable. This completes the proof of Theorem 5.2, given Lemma 5.6.

It remains to prove Lemma 5.6. This cannot be derived directly by interpreting Proposition 3.2
in &ff, because BM-computable functions only live inside £ff when they happen to be computable.
Instead, we construct h using the extension property for adequate subdomain pairs, as defined at
the end of Section 3, using Lemmas 3.20 and 3.21 to show that the definition has the required
properties. In order to effect the required construction, we need to make use of the lemma below.

Lemma 5.7 Every BM-computable function from N x Nt to N is computable.
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Proof. Let f: N x NT — N be BM-computable. By Proposition 5.3.1, the transpose f: Nt —
NN is BM-computable, and hence, by Proposition 5.5, computable. Thus, by the cartesian closure
of the category of numbered sets and computable maps, f is indeed computable. L]

We now prove Lemma 5.6. Henceforth, let f : ZN — Z be any BM-computable function. We
must define the i : R:N — Re required by Lemma 5.6. First, we define h as a function.

Given any v € RCN, let 3 € ZN be adequate for v. Such a computable 3 exists, because the
existence of 3 is true in &ff. Define Bj to be the subobject of ZN defined in &ff by:

Bs={acZV|VneN.(a, # 0, = Ym>n.a, =0)}. (7)

(As a numbered set, Bg is given concretely as the evident subset of ZN with numbering defined
by ugg (a) = v/ (@).) We write ¢ : Bg — ZN for the inclusion.
We now define maps r3 : Nt — Bg and sg : Bg — NV as follows:

B(n) ifVm<n.a(m)=0,
0 otherwise,

1 if a(n) # B(n) and Vm < n.a(m) = B(m),
0 otherwise.

rg(a) = An:N. {

sg(a) = An:N. {

It is easily seen that 7gosg is the identity on Bz. Thus Bg is a computable retract of N and hence
of N x N*. So, by Lemma 5.7, every BM-computable function from Bg to Z 2 N is computable.

Define G, to be the singleton subobject of RN containing . By (7), it holds that G, Bg
together form an adequate subdomain pair in the sense of Section 3.2. Also, the function f o :
Bz — Z is BM-computable hence, as observed above, computable. Thus f o ¢ is a morphism
in &ff. As CPx(NT,N) holds in &ff, see [11], CPyeq(NT,N) holds as well by Proposition 4.3.
Since Bg as a subspace of ZN is a CSM by (7), it follows from Proposition 4.4 that f o ¢ is
sequentially continuous in the internal logic of &ff. Therefore, the construction of Section 3.2
produces h(g, By for) : Gy — Re. Define h(v) = h(a, By, for) (7)-

We have now defined a function h : RN — Rc. It is immediate from Lemma 3.21 that
hoiN =iof:ZN — R.. To complete the proof of Lemma 5.6, it remains to be shown that h is
BM-computable.

Let (7n)n : N — RN be a computable sequence. We must show that the sequence (h(7;)); :
N — R. is computable. Let (3,), : N — ZN be a computable sequence such that each 3, is
adequate for ~,,. The existence of (/3,,), is easily shown using countable choice in the internal logic
of &ff. Define B(g,), to be the subobject of ZV defined in &ff by:

B,y ={aecZV|IneN.acBy,}.

(Concretely, B(g, ), is the evident subset of ZN with numbering defined by

vpl, (@) ={(n,m)|a€|Bs,|Amevy (a)},

for « € Bg,),.) Let € : B(g,), — ZN be the inclusion.
Define p: N x NT — B, by
p(n, ) =rg,(a),
making use of the retraction rg, : N — B defined above. Reasoning internally in &ff, consider
any a € B(g,),. Then there exists n such that a € Bg,. So a =1, (s, () = p(n, sg, (a)). Thus
there exists (n,@’) € Nx N7 such that a = p(n, a’). This shows that the function p is epi in &ff. Tt
follows that, for any numbered set Z and function u : [Bg, )| — |Z|, if z0p is computable then so
is p. We have that f : ZN — Z is BM-computable. Thus focop: N x Nt — Z is BM-computable,
hence, by Lemma 5.7, computable. Therefore foe: Bg,, — Z is computable.
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Let G(,,), be the subobject of R:" defined by:
Gy ={7€ZV|IneN .y =7,}.

(As a numbered set, this has the obvious underlying set, and the numbering can be taken to be
1/(_;(17")” (v) = {n |~y =n}.) By these definitions, it follows that G, )., Bgs,), form an adequate
subdomain pair. As foe: Bg,), — Z is a morphism in &ff and thus sequentially continuous, the
construction of Section 3.2 produces a computable R(Gy By For) G(,),, — Rc. Moreover, by
Lemma 3.21 and the definition of &, for any v € G(,,),, it holds that kg | B, | fou (V) = h(7).
Thus the total recursive function showing that h(Gwmn» Bs, ), .fo) 18 computable witnesses the
computability of the sequence (h(7;)); : N — Re. This shows that h is indeed BM-computable,
and so concludes the proof of Lemma 5.6.

Remark 5.8 The above combination of internal and external reasoning is essential to our proof
because the BM-computable functions do not live inside &ff. An interesting alternative would be
to instead apply Theorem 2.4 directly in the context of Mulry’s “recursive topos” [16], in which the
morphisms (between certain objects) are exactly the BM-computable functions. Such an approach
may be possible, but it is non-trivial because the internal logic of Mulry’s topos is awkward to use;
for example, it is necessary to work with a non-standard object of natural numbers, for which only
restricted forms of induction are available, see [19]. Indeed, we do not know whether the proof of
Theorem 2.4 goes through in this setting.
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